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Basic Flow Formula; Darcy's Law

Tho'energy or as it is moru';owmonly called the head in a flow system

 13 given by Bernayilli's equation,

S h‘cv + 2+ 3
vttt

In groundwater £low systems the velocities are so small that the velocity

.héad can be neglected and the equation reduces to:

h-n#z
. Y. o
. _ J = f
. Darcy by running an experiment tgx
similar to the ons illustrated ?3 = ? A'
established the Dércy's Law: } 4‘ ' P
S .' - . o . l ‘
Q-‘A& ‘ . . "‘,‘f ‘\1
- - [ A .
or B 4
S l
Vav " ‘%ﬂ K‘I‘ ]

where K is the "hydraulic conductivity” depending on properties of both the
solid and fluid material
d2
K=c X
¥
where cd? = coefficient of permeability

d = effective grain size (Dlo)(10% passing)

[4



The Generalized Darcy's Law can be written as

- - 3h
vs Ks';;

T}
where
'»§ = Kh = Velocity potential, (s) denotes any general direction,
The (-) sign is conventional, indicating positive velocities in the positive
_ﬁ-directicn.
In Cartesian Coordinates:

- - ah
v Kx.__

X 23X
y Yy 3y

Vz Kz 53

. 1 2h
Vo " - Kg v 3%

Darcy's Law is applicable only to laminar flow,

Reynold's Number = %2-< 1 laminar

~
» 10 turbulent
1 < R < 10 unstable or transitional

In porous media R < 1 and Darcy's Law applies.
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)Derlvation of General Diff., Equation of Ground-Water Flow

E ~ Inflow = Cutflow + AStoraga
3

the hydrologic equation, which
)
| is merely a statement of the law

yof conservation of matter,

|
3

It can alsb be written as

| Inflow = Outflow = AStorage,

[

“1

Iz

A 4
+

" Consider an elemental volume, AV, in a porous media,

y Inflow:

In terms of mass per unit time:

Inflow in x - direction: pv 628y

) non oy " . pvysvaz

‘pVZGXGY

 Inflow=Qxp = !.x'm =0 = Ay
’ Qxp=2Xg=g P

Total Inflow: pv 8ydz + pvy5x6z + pvzsxSy
x

where there is a flow,

Outflow: The védocity and sometimes the densitf changes from one side to the

othef therefore

Outflow in x = direction:(;vx +

" "oy - " s v, +

" ".y.. "‘ g(pvy+

] (p"x) '

Ix

3(Dvy)
Ay

5;) gysz

Gyjdxdz

D T

.,-_F- ~
: et
FOUIR 1 g

e paIn,

b,

w

PN S




o~

ey T

Outflow in the z ~ direction: [pv, + 53 8z }éxéy

Total Outflow:

' 3ov,) alev a(pv
pY, + —— 5x)aycz N (pv 20y o \sxsz o [ov, + KACAPY R PO
9X ‘ Y 3y f z
A Storage:
~ The change in storage is equal to the change in the mass of water present
in the element, with respect to time: | ‘
A Stor, = M
' _ ]
8" = pgsxdysz
where 8 = porosity, | L
Since the greatest change in the dimensions of the element, due to comprés-
sion or expansion, will occur in the z - direction, we may consider &x and 8y

as constants,.

Al | a(pesxsysz) . (ess 30 s o5z 3, pee.c_az_).)axsy
ot 3t at at at

Bulk Modulus of sand = L . - _ng_ negative because size dec:eases

a d(sz) ]
8z with increasing o,
a = Compressibility (Veftical) of sand -‘é

doz = Change in stress

d(82) . €hange in strain
82

.
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N

d(8z) = ~ adzdo,
a(sz)_, 2(02)
~at T
v’v; Volume of solids = (1 -8) 8xdyéz = constant-
- dVg = d[(1-9)éx8ysz] = O

T 8z d(1-0) + (i-ej d(sz) = 0

. 20 . (1-8) 3(82)
- et 5z ot

but  3(8z) = =~ asz 3(92)

v 8t ot
Therefore 36 = _ (1.7 . 2(%2)
3t (1-0) a =%~

Bulk Modulus of. waﬁer =1 _1d2
B . . 8 p/Po

Compressibility of fluid = ].1_:

o
9
2

Change in pressure

Change in density

&
[ ]

Ad
o
]

Original density
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dp = pBdp
9p = ?
ﬁ—: DOB 3%

Since the elengnt is in static equilibriun.
p + o_ = Vertical load [D.L. + Atm. Pr.]
= ConStan§
dp‘a d°z |
P - 20z
3t ot

Therefore

(32) 30 |
U e oz 3 8- -0t 5 s iE
M )
ﬂa'_tl .(eazpa 5%% + p6z(l-6)a§% + QBQSL:_%) §X8Y
= (ep,8 * pa = pad * pad) %{- §x8ysz

= (8pg8 *+ po) 3& sxsysz



Putting the results in ﬁhe equation:
Inflow - Outflow = A Storage

we obtain

_favy) vy 3(pvz)) _
( = 3y Y §xgysz = Fepoﬂ * pa) %%5"57“

v 1) v T v ) ’
( ax  Xax oy Yay Far  ta: (@8 *+0a) 2%

L. . . 2
v --:gah and 3"3.,;..3)\
s - s —7
s 8s 3s
“and | P=vh .';,?.lz.-yglt‘.

2 2 |
(Kxa ‘2‘+kxah§_e..¢px¥3 g,xyaha_g_,,pg 3 !;”( 3h 30\= (gp 8 +p,,),§£
ax axax ¥y 3y ay 3z 9z 3z t

" The change in the density is very small and we can assume 23p = 0, i.0

P, = 0= constant, Also o askuem 6% Kx - K; = Kx - K ;5c~”f0,"'v~'ﬂ
- ‘ C 2 o
P ?..2243_1‘.+2.21‘.)-p$(98 «:)gl‘. ’
ax2 3yl 222 | t

vzh-‘.’_fil.(l +.2.> ah
K 68 ot

v2h = ss 3h Gen, Eq. for Gr, W, flow
Xa 3

where
Sg = eay(l + )- Specific storage = The amount of water which a unit

volume of the aquifer releases from or gains to storage under a unit declins or

rise of head,



e

0y

"and

- 037 15 storage due to compressibxlity of water
-'“Y RO R non " oo " aquifer

'If p is not constant
3 = poBIP = poBy3h
',{ h 30 g 18 nY 2
. x'g-'g- o X
, R ) o
The gradient is usually small and (F' is very small, Furthermore it

13 multiplied by 8 , which is also very small for water, and therefore the

whole term can be neglected, The resulting equation will be the same as before,

Changes in the Gen, Diff, Eq. due to changes in barometric pressure, tidal’

fluctuations, etc,

In calculating Elggl. ve assunmed that

P + o, = Constant deaﬁ load

' . total ‘ ’ .
If one of. the paraneters of the [E=T% load, for example, atmospheric

pressure is variable, then
p + o, = Const, ¢ p,
1dz_-'pa 4 Const = p

39, %2 _3p
at at ot



By taking into consideration the effect of the change in the p, or in any of the
6ther variables forming thevtotal load, equations describing the flow can be derived.
However, as the resulting equations are difficult to solve it is preferable
to first solve the already derived Gen. Diff. Eq. for constant total load and then
apply a correction to compensate for the variable load term. This correction will

be the effect of the variable load to h, i.e. in the case of variable atmospheric

"~ pressure, ;ﬁ?l will be the correction to be applied to h obtained by solving the
a Ll

Gen, Diff, Eq..
To illustrata, corrections due:to atmospheric pressure changes, and tidal

fluctuations, will be derived balow.

Fluctuation of water levels in response to atmospheric pressure changes.

- P * 62 = D.L. p,
~dp + ddz = dpa
But f pP*= pa + vh
dp = dpa + ydh

y dh . dp-dpa
dp, dp,




—

LN

or .
~ dh . dp-dp—dol do, doy/dp
v . S - B -
dp: - dp+do, dp+da, 1+ 3z£
. - dp

Consider a volume of the aquifer, V,

Ve vwater + vsolids

dV = dV'

and Vy = 8V
i dav _ dv,
o ) W-V_
v

’ >
-
%

daz

=)

1 do_.
Bulk Modulus of sand = =~ = = —%°= «
g dv

: vV e

dcz .. 08
T
dh
Yoo - - 68/a
& 1+ 88
ca
dh 1
H}T'\---

(constant)

10
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Pluctuation of water levels in response to tidal fluctuations'

p + g, = Const, load + yH

dp*ddzﬂ‘y‘dﬂ.- L ' | ——I—-h\U-‘E

A | TH
lﬂB.._d.B._ /;1/) ,///LLP;L‘/*LJJII
-dH  dp+d E
v | S e
But h = B+ z (const,) .
. Y , ’ FT7 7777777 777 77 277
dh = 1 dp
Y
dh - 9p/doy
dH

1+

P = '5% (From the previous derivation)
z

Diff, Eq. in Ahisotropic Media s

If the hydraulic condactivities in the x, y, and z direction are different

the Gen, Diff. Eq. will have tha form

K a%n o K, 22h K, 32 . s 3h
ax2 ay2 3z2 5t



'_Therefore

which is more complicatéd to solve,

By substituting

x oK x' oy Kyt

we 6btain

; z = {f; 2!

| ;(f(,-)) L dEx) dx"'_

. 3 S dx? dx

e

dﬁxﬁ . 1

\

e AR

12

_gilaf(x'z’]__g_ﬁfcx') . 1]_ a [1 asxnfaxt |1 22602
ax | ax _3xl_ dx* /i dx'ifl(;- dx'.de Ky 3x'

Subsiituting in the Diff, Eq.

2 2 2
a2h ’3h2*ah .s, 2
2 aytt 3zl at
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PRI

Stream lines crossing a bed of different hydraulic conductivity

_two stream lines

But

The discharge

xadh
Q=K -

Ke

is constant between the

5 N ’ ~.

xk A5 30 g aaE;
221AB lleB
- 2°2 y , 11

A28y

AZB

& tan a,

N

Hlﬁz. .
and ——— = tan ay

Thereforse E &.-M
e - | Kp<< K then ay = 0°

Boundary Conditions

To solve the Gen. Diff, Eq. a certain number of boundary conditions are
necessary. Any physical condition that has an effect on the flow system can
be used as a boundary condition, For example:

1, An impermeable layer, K %% =0

2, A constant head at a known point

!



3. h= f(i) at'a known point
4, A constant discharge or drawdown

and many others which can be encountered in different cases,

Equations for Special Cases

Equation for flow in horizontal confined aquifers of uniform thickness

The average head along a = R

colunn of the aquifer is almost ' ' | | PS.
\ : o

equal to the height of the pie-

L L L L b L bl i 2 b L LLsL

zometric surface, Therefore if IR DA

. « * ¢ .0, . ®

z - N LY 5 ‘e w d

« o . dnd S, . Y MDD
we are interested in the shape : l. vy N *3'
. s ® . L 3 L4 ] .

: 7 77777777 7777

of the piezometric surface,

rather than fhe'head’a; individual points of the aquifer we can obtain a simpler
equation for thisbpu:posg. |

' Since.our objeétive is to averags the head along a column of the aquifer,
we can sum the heads at the indiv¥idual points of the colidin by integrating the
general flow equation with respect to z, from 0 to b, and then average it by '

dividing this sum by b,

b 2 2 b 2 b

J Zhdz+f 3Thdze 3hdz-§_3_! sh dz

0 3x2 ay? 0,2z k 03t

But

PR X ¢ 5] £,(x)

F(a,y)da = F(fz(x) .Y);’; £,(x) -F(fl(x),y)%fl(x) + .g_F(u,y)da

f] (X) fl (X) x



~

[S—

15
Since fl(X) and fz(x) are constants, 0 and b,

3-[ F(a,y)da = I F(a,y)da

and
a2 fb Ib 32
F(a,y)da = F(a,y)da
o 057

ax

Therefore the equition becomes

b s b :
‘ I hdz + .3 I hdz + [ 2.[3h\dz « 2323 [ ndz
ax 0 ayz 0 3z |3z K 2t O
_ ‘ - " b b -
If we define the average head h = ‘11; | hdz then [ hdz = bh
0 : 0
‘and .:
2 52
_3_. (bh) + — (bh) + -_— = ..."’;..?. (bh)
x> 3y lb azfo Kk ot

: v ‘ A
- Noting that g%.- -‘_é = 0 both at 0 and b, and dividing by b, we finally have:

o%h , 2% _ Ssan
ax ay: K 3t
P L]
or - - P
2%n . 2%n . S3h
. ax2 ay2 T 3t

where
S = Ssb = Coefficient of storage = Volume of water that a column of the
aquifer, of unit cross section, releases from or gain to storage under

a unit decline or rise in head.



. Takbm= Transmisﬁivity of thevaduifer.x

Equation for flow in horizontal leak} semiconfined aquifers of uniform thickness

In deriving the equation PR ~ — — :

~ for nonleaky aquifers we had

R

- Ye . T
""’7" B 1 5’%/4///55,;514'.,2’;;44,;’;4 M

R S s - .
N “'/ . N .o" . .’9 o'-"""
. ' o R - - . Z‘ J v
In this case, from Darcy's law ' _¢ I. . f;ff )
. . } » . . . . I a.c '0'." o e
e o=
vzl - " T b v 1 . w K? 1 and - _v_i' B < 1-
L L b kb Kk bt
Therefors -
‘2 ' 2Bk 5. 3 , 75., o -1{ fﬂT?3;*'
2 om) .__{bh) T it S o)) I R

a2 ay? Kb b Kt

Dividing by b

or
2" -
328 32%h hl-ﬁ S. sh s ah
2t T2 2 - .. T3t
ax Ay B K 3t
where

B = YT?Z'/ﬁ' = Leakage factor



\  and. o
| - K'/b' = Coefficient of leakage = Volume of water that crosses a unit
cross-section of the semiconfined -~ confined bed interface, under a unit

head difference,

’ Bqﬁition for flow in inclined confined aquifers of uniform thickness

' 'Usvi.ng the same method L

) -_ of aierag'j.ng as befors,

2 s

i ,!z_lazh’azh;ahdz_sf

2 3x2 oy’ X
) ° y e
g . bemx 5 . bémx o '
‘ / 3.2.1.‘. dz + | .3_31.‘. dz +

beax 2, bemx ‘ '

!. -a-—l-'-dz--g—f '-al‘-dz+u;2.}l - ah

Bx ax? . ¥x mX 3x x ox

: T imx bemx

- 3

bemx 2 ' b+mx , . bemx

f 3haza.3f 3hgr,3h3(mx) _ 3halbemx) .3  3hg,

BX  5y2 3y BX 3y 3y oy 3y 3y Iy BX 3y

b+mx

. I 3—21‘- dz = ah . - ah
nx azz 3z{b+mx 3z|mx



bemx

- 3hd 8 hdz
mx ot ' at mx
Therefore -
b+mx b+nx
af 3hdz*_..x -Dx) e ahclz--:.i. S 1
9x mxX  3x K|bemx Kjmx 3y =X 3y K|b+mx Klmx -
Se b+nx
= hdz
\ Yo
But

_" v, = mvy both at z = b+mx and z = mx

’ ) b+mx b+

R Al Ry " 3h 4, . 5s a(bh)

X mx X Yy mx 9y K 2t

- (. bemr . b+ax s
~aff hdz + mh] «mh +2 (3 hdz |= S 2(bR)
3x \3x mx : mx  [b+mx 3y \3y BX K 3t

22(bh) o p 3R} - m’ah‘ 4 3%(bR) . Ss a(vh)
x2 mx 3x|bsmx

ay? Kt

Dividing by b, since it is a constant

- ge 5 -
3h  .m3h} _m3h L 2R sg3h
32 b ax|mx b ax|bemx ayz K at
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For ;nall slopes m will be a very small mmBer; furthermore

) 2h

ax ?;‘bmx

will also be very small and they therefore can be neglected, The resulting

L

. equatidn :

%h , 3% _Ssah _ s 3h
ax2 3y3 K 3t Tt

is the same as that for horizontal aquifers.

Eq{xation for flow in confined aquifers of non uniform thickness

b= £(x,y), 1.e. the thickness
is 'changing both in the x and y- ' . | V : P5- :
directipﬁ. Proceeding as before
't'o average . ' . r-tt‘i"ltlt‘//z/f(/// 2L

: : z

s
—— E]
0= ax* 'ayz 2z K o0 it

C o | - - b:f(g‘-a)
If(x.y)(a R, 3%, 32 )dz S f(my)ﬁM

from which, thé final equation obtained will be

R, %, 1man, 1wk, Ssak s

3y?2 baxoax baydy K ot

lv

N
HED

Ix



| 1f the équifer has a thickness changing only 1n the x-direction, then

and consequently

d
o
>

Condition on the free surface of an unconfined aquifer

(')
N
-]

3

+

3b

Fr
1230 S5s ok
b ax 3x K at

-Hln
w joy
e Eal

‘In ahy point of an aquifer, the potential ¢(x,y,z,t) =P + 2
) . ‘ : Y

Taking total'&erivatives

where

and

D D ¢
De [’(xo')'aztt)] - 3 (IYZ * z)

. - ’
U%.[f(x,y,z,t)] = vafgrad f +

&>

af

at

Ve " the actual velocity vector

. ) Y 4 24 D
.0 %vx(a) * 3y Yy(a) * 3z Vz(a) * 3t T Vzra) * DT (p/7)

N [5% (2) = ¥;(a) because v, grad 2 - Vz(aj

v Vx

= z = =
N '?(a) g;- . Vx(a) -g—y- » Vy(a)

:

- 20
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21

where
sy = Specific yield = Amount of water that a unit volume of the aquifer will

release from storage under the effect of gravity, (Numerically equal to effective

porosity)
' [
0 WYV, WV v, W Vv D

x S yvS 3z S at S Dt
b4 Y3y b4 S 4

or

2 2
20\ (2 34 3%, g2 D -
-x(.a.%) -K(}-% -Ke?) + S)v v13 K 3% + SY 3 (r/v) _

Now, for an unconfined aquifer at z=h , ¢ = 2 +h,
. Y

N
oo :: and ﬁ-- (pa/y) =0

SR L @ nena

Approximate Diff., Equation for unconfined flow

: S
Sloecrl::'c Sfo.’ﬁée- ZA N ) )‘L ?bz 2% %
» 28] (52 il
2%\ + _ - —

Bty o B - e
ax K at #( - T

Summing up th; potentials (4"3‘1) ¢ -

in the z-direction l

\

?.

[._.z.dz+[ ___zdz+j .___z,dz- 5] 5_?dz
3y 9z

eV



2N

22

h h h
]__a_vxdz+f_a_vydz+[ Bv,dz==8 [ 204z
0 x 0 a3y 0 3z 0 at

-

aonv dz = vy

h
3h +f'37] v, dz = Vv 3h v -V a
R3X g 7 y'h 3y zlh ’lo

' h
®«S dz - 3h
s%—{foi’z ‘lhat_]

Using the condition of the free surface after solving it for 3” -z
3z|h Kih

h 2 h 2
[vdzoxh +__3.[ v),clz4-l<3h
x O ax 3y 0 ° ay

Yot x ato it

h h ' 2
3__] *rxr!zo ! vdz-K h --Sy_.!.‘.-S Lf édz - h 3R
aix 0 oy 3z at at O at

(A)

With the following assumptions:

' 2
1) The gradient is small compared to the total thickness and ,(;}_\_) =0
z

2) Sq <« Sj”, and "Ss = 0 the resulting expression will be

h? hv.) = = §- 3h
sg.(.,w (h¥) ;o



Replacing | Vg = =K %E. (F = potential producing V)
| s
J

J - = '
3n3h, 2 3k %o
X 3x 3y 9y K at

Assuming h= h at the surface

ax2\ 2/ ay?l2/ «xat .

Multiplying and dividing the right hand side by h

j |
RN _.__@s_z___(é_)
3 ax2\2] 3y2\2/ xR at\2

5 or

e - s |
L2y . W2Y) e (RY :
\ + B e o— \
) | ax? ay? KD at \
3 where ‘

- - hl*hz
D » h = average depth = ___<

2

- "2
The equation is linear in hz and can be solved for h ,

23



Another Diff, Equation for unconfined flow involving the average potential ;.

Another equation for unconfined flow can be derived, by a different

procedure, starting from the equation (A) on page 22,

Py 3y 0 3z at at "o -t

af v,dz + 3f vydz-x(ah) “S).-a-h-'ss[—'! ¢dz-h3h]

Instead of averaging the velocities as before, the pqtentials will be averaged.

' | 2
al-] and ] X 36 az| -k [2HZ . s =Sy 3h L s, éw ."_)
ax 0 ay 3z Y ot - T|et 2

3..3_! ¢dz-h3£ +§_3 { ¢d.},§l‘.+ ah .i.a..}‘.+_’:§_6,;-l1_
IXPx ‘g : 9x v,y "o 3y z K 3t K 2t ‘

.2'_ "z‘ 2 2 | 25“. S,.
z_.z.( A U W A NN (i 2. B ,,,,-..)
L2 2 3y \ 2 z K 3t K at

This is a rigorous equation for unconfined flow. As it is very com=

plicated and difficult to solve it can be approximated by making the same

assumptions as before (bottom of page 22),



9%, 0% 2% Ssas

‘we.can also write

" The specific, storage in an

ax £

25

~ Approxinate Diff. Equation for inclined unconfined aquifers

Z

ax2 9y’ 22 x at

v av T
. = Y“ Z.. ss___

ax 3y 9z at . /

unconfined aquifer is very small, Sg = 0. Averaging the remaining part of

‘the equation

S xdz + ] ._Jl«i + f ._JE dz = 0

£ax £y £z
T . | _ ' h , ‘
3 I' v.dz « Vv sh + v 3ffy 23 ! v.dz « Vv ah + v f 4+ v -V =0
n— X —— — o — b4
x l *1£ 3x % £ 7 "lh Yif oy ,h ‘lf

h 3x

-x3h .o
£ 9z

. .. -.' . . z
.?..Eh-f)vf] Ez—f)v]+ X 3h\ + vy } 3f + + vy Ly,

I}

~ Nith the following sfeps:

-1) Substitute K%%.with its value from the condition on the free surface

2) Replace ' f = m, 3f a0 and h-f = Z
< 3y 2
3) Neglect second degree differential (%E) :
z

4) Note that Vg = -K3¢ and mvxi = vz
. 3s

e

Also $ *h=z 4+ f=z+m



- ‘we obtain

)
3 ﬂa - 3 -a - }l
3% 2 3% (:mx) + 5—; 2 57 (z+mx) 'S
9 w3 - .3 =23z _JSyaz
X ax [)4 y K 3t

12222 3%  120%2 $y% a3
2 x aIx 23y Kz 3t

2232 , 382 322 mz 3z By 232

a——-—--

ax2  ay? Iax XZoat
“,3’5’,33_2,51__
ax2 ay2 Z ax KZ at

Replacing z by D = average depth, we finally obtain’

az-iz 3222 32

Sy %2
o— P +£—-.{;L—
2  ay? Do KD at

26

s -

It should be kept in mind that z is the elevation of the water table above

the impermeable bed and not above the x-axis.



STEADY FLOW PROBLEMS

27

Flow between two line sources in a confined aquifer:

h(0) = h; (2)

2.2 L 2 4 bk h

PR S B Y 4
.

v
-
. .

fe—

H(2) = h, (3)
From (1) h‘- cyx + ¢,
From (2) h1 =c,
From (3) ¢ = = hy-h,
z,
J. h=h -h=hsx

The intensity of flow:

g_l}..- -
axX
and q=T

-'% s ,» . .ot . 'S
. 4 '

3 . . . . . * .
.
L2 Y A4 . .

.
., Y e e o o
» u. . -
s . e e

L

15

AP A Ay //7//1//////




" Flow between two

line sources in an unconfined aquifer.

N
)
J 32:2 .0
] .
’ - 2(0) = hy
j zgl) = hz
J From (1)
| fron (2)
) ,
;e Prom (3)
]
J
(- and
}: -
or.

.. 28

The intensity of flow:

1 ~ P
(1) [: =
'=§E? . .:~7 -
SURARNE.
(2 - . e .: e
”a ces. T ..
(3) v . . ('.0 .0 l:
. ¥ o.‘”"’.
ST
22 =cix + €y~ It
2
CZ"\I v
(hz hz) J“
Cl-- 1 2
B ‘
. 2 2
2 - A
22 » hl - 31__.22.: v
: )
2 2
s | D
q=Av = =Kz 32
: Ix
2 2
23z _Nh-h
£33 2%
« K (2 .42
=K (] - n)



"_Plow.betweén two 1ine sources in an unconfined aqgjfer‘.v

The problem solved on

J .

page 28, will this time be
;oo ,sblved by using the equa- ;:1

. R - . .\ .

tion containing the average ‘ h' . , R K

pofential e L . ,:' i -' Z..'a.wi T

- - » . . h . y R .% by . R . . » {".t h,y ‘¢

L s ¢ . \k
P Ty Py g TS //’/\{fr
a2;‘( z2) b ]
o 2 =« —J)=0 1)
| 2(0) = h, @
- , 2(2) = 7, ™
3(0) = hy “ .
-, - L,2 dz
) = ¢u - IO $(2,2)
, z,
.
= _l.[khw hdz + Y zd%]
Zw |0 w . .
2 2
hu tz (5) .
F¥o! (i) | 29 - 22 . c,x + ¢
. 3 1 2
, 2 -
h
From (2) § (4) c, =0
: -2



[——

—h

-

L . . h,eh
~ From (3) & (5) cy == 0
2 2
- ,2 h3 - h
and 26 - 2= 0. EQ._._!'. x
’ C 2 2 22

" Flow between two line sources in an unconfined inclined equifer

- Not;ng that the s.iope

o= tan 0 is negative

ﬁzzzl 2822 -0 | (1)
3x2 D ax |
o) =z (D)
() =2, (3
- c o m
e -
From- (1) 22 = c,e 2-» + ¢,
U .
N ‘ ‘. . 2 ] - .
From (2) 'z; =¢, ;cz
2_ Db '
From (3) zz.- ;e ” t =c,
After sc;lving for y and <,
2 2 L
2.2-0"% (1 - elx)
1 1 i V]
= C .
)
or
2 2 B (2-x) inn BX
N zl - 22 ) e- 2 2’—() 31 .?'*? I
2 2 25 ot
2y -2, sinh 33

. 20

ol



The intensity of flow at x = 0 § z =z,

2 2
K(zl-zzj _me
q= = e 25 ¢+ Kz
2 sinh 5;} 20

2D

Flow between two line sources in an unconfinad inclined aquifer

The problem was solved on

page 30 by using the equation

azzz m 3z
¢ - »n 0
ax2 D ax

which involves the approximation

zeDw’l%2
2

31

It will now be solved without this approximation,

azzz#g‘;azzu0

ax2 z ax




e

Noting that

But

and

@ x=0 2

3,2y o 9, 32
5—;‘(2). 215-;‘-

) az ez
X (22 -5;)‘ pa. ] -5;- 0.

‘;}(z%-;wmz)_-o

N
A

r
M‘u»

+ .
. B
~—?

[ ]

[¢]

Qx"x‘".ax
1 U

x L1 )

X ® - qxlln(qx-KEZ)-z*c
KmZ n

o2



33

ew X 1n (a, ~ Knz,) + 21
Xm2 - m
and A |

nx = 3% 1a(%x/K0)= 2 (z) = 2)
(qx/nﬂ'- z

Note§4 'qz is constant since the flow is steady, . The subscript x is used

to denote that the discharge is in the x direction and it can be

" omitted,

' Flow between two line sources in a leaky aqpifer'

) 4

2 h |

3 2 .2 Bzh -0 m
O N
h() =hp )

From (1) h = cl.sinh %{* c, cosh %-4 hy
From (2) cz-hl--ho‘ |

From (3) ¢, = 12~ Mo = (hy = h,) cosh £/B

sinh ¢/B

1

hy = hy = (hy=h ) cosh /B
sinh /B

he ho +

sinh X + (hy=h )cosh x
B B

an, M2 sianX e M 2P0 [Ginn t cosh X - cosh Xostnn X
sinh £/B B sinh 2/B B B B B



34

or

h, - - -
2-h sinh X » hy - sinh 2%

sinh £/B B sinh /B B

ha= ho +

The intensity of flow:

q=Av=aT3h
. T =

T <k 1=X x
qQ= (hy = h)) cosh =———_ = (hy =« h ) cosh
n:i:ﬁun[a ° B 2 'B_‘]

Flow between two line sources in a confined aquifer of non-uniform thickness

, |
axz b ax ax -
h(0) = h 2 h' I
. : I ' ha
h(t) = b, ) .L_ #f{q?—{. £ stpbdtb bttt L
b=bedx

o .

(1) reduces to 32h

From (2) h1 =cy+c



— P .

—

From (3) _ h, = cle*al +c,

After solving for c; & <,

hy = hy

35

h=h - (1 - e*?X)
(1_e+az)
Intensity of flow
- T,3h
q= 'ax
o, ofhamhe ) e ‘"
31 l-a'a’-
hy=h
q= ‘!;a 172 eiax
l_e-.a!.
T,= Kb= Kb &% z
Seepage through a thick earth dam T
_———-—-—"’-‘"—'*\‘-“"
This problem is taken as an
' . -~
example to show that the equation - 1’
. ' s
p h
52 - 12 . / l
- =0
-—7 ' 7-.) 7 ‘"%33 /117*/77'//f
. be——24 (far /
prain

gives very rigorous results for

the height of the water table,

although it contains the term of average potential de

s 777

77> ¥*
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\i/

R - The solution to the general diff, equﬁtion.‘

2

ald
MQ_—%a u
3:2 9z

applying to this case can be obtained by using complex variables or other

" advanced methods, The solution which satisfies all the boundary.conditioﬂs.

is

;'(x,z.) iﬁ E+ »\lxz + 1‘231/2

By taking the appropriate derivatives, it can be vasily shown that the

general diff.‘equation and the condition on the free surface:

Ka.?%)z ;(%;.)2 -0
' - : | z=h |
are satisfied, .

For large values of £, the equation is adequate to be used for the

height of the water table. If £ is large compared to z, then

$(x,2) = $(x) = h | o

, v ;ﬁ E "r"ZI’ :f} 1/2 |

at the water table ¢ =hs=2z2



_—1/2

_. hz .. 2 % xv; (%)2

which is the equation for the water tabla."

e xw0.

'&@-%

‘Base hydraniic head '

for x 8 0

for x K3 0

o 172
umm-Y§u+¢4l

o (x,0) -YT%_;

¢(x,0) = 0

37
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38
The width of the drainage ditch
| . 2
=2
0=23x+(})

X =
2K

To find the discharge at x = £, h = b

From the ¥.T. equation

<21 ¢ )/a? + an?
% - ( it has to be positive.)
, 2
s n2\l/2
L = [ 1 + __2 - 1]
] |
thing that
. 1/2

~(1”3,)'_ '1*&*ooo.o
2 :
h, ‘
Now we will use the equation containing the ¢ term to show that it

lead: to tho sans solution for the water table,

2 /- ‘
2...(?‘ - BE. =0 63
ax? 2



 3(0) = s ¢
h(o) = 3 (3)
: h
- A
q=K !0 .s.;dz

h .
=5k sen @ enm i

h

. s h !0 ¢(x,2) dz g o
33 h X

, _
= a y - h
5;0!# -2-) o 4)
From (1) « h
3x (4 =-3) =c
From (4) c -.}



[SR—)

[N —)

hQ-‘ -%x.-rl(%\

From the prev:lous solution

(Xﬂ) V—[x«&\’x +z]

0
o " B
S_ubstitutiiﬁ xz + 22 ] 32 : 2dz = gdg
xz + hz Lower 1lim, . x

‘Upper lim, |

h¢ \@.] %‘““é

Substitute 8 = x = uz o dg8 = 2udu

Upper 1im =

2 3 1/2
[yx© + h" ~ x] Lower lim: 0




ho -r I[{;h_

z.r[.%x«\ x+h -x] [&&

Proﬁ the equation of the N}.T.

S 2
- 2gxe (§)

L op

o T 5

SRR S
'Qut”" )
h¢-23.x +_(ﬂ

‘_"”" %""z@

‘Replas.iug tha vame of h$ obtained . |

2§x+..(3 -

2 f‘i‘ g - ;@2 ..2 % x ;_é (%)2

AZ
h2-2£1x+(3)
i 3

Z(u +x) “du

- %* f %‘(%)2

2

Which is the same equation as the one obtained before, and consequently

rigorously valid,
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Flow between three line sources in a confined aquifer '

h= Ao

From (2)
L sin J-E-'-A sin ay
A-ho » Q-I‘.
and
‘ X
hwhe a sinzf
o a

sin ay

azh azh ' - 3 L. e . .
N [
.. . S*r-ldm {30
. : ’17’\: A‘“‘%’:
h(0,y) = h  sin XX (2) .
| | Oufereppr™)
B(x,0) = 0 - (3) Heharyt #5501 > %
o . , Streaem ThH=o
h(x,a) = 0 (4
h=sy) =0 )

'Sélvixigx (1) by separation of yariables (h = x-y) and satisfying (3) and (5)



\

o ae R
g sin%

Flow between three line sources in a confined aquifer‘

43 EA: |
N

[%:a

e P

2 .2 ' T
S+5-0 @ }'
ax Ay : : : .
R(O,Y) b, . (2 A
. - Lake
h(x;0) = 0 (3)
h(x,a) = 0 G
= 0 (s)

h(=,y)

VAP

SOIﬁng by ;eparation of variables and satisfying conditions (3) and (5)

h = Ae*®X 3in ay

From (4) - 0 = Ae™™ sin ®a
o =%
a
® nx
h oL A, e" g X sin 2%V
- m=l a
From (2)
ho = I An sin X y
n=l = a

. Expanding h, in a Fourier sine series



A, = Zho(t i may dy = 2ho ~cos fiE

j a 0 a a naw ns
b Lo T o
3 and ___ y
: " n-l [ a Xsin
j . ‘ . - : zx’l —— X

Flow in a faultsd confined aquifer

> 2%, a*n f
! = 0 1) —_—
o ox? IR ——
" . [ . pr—
 h(L,2) ey 2 o =
D /
sh . : o S . '."'"-////L/j/[zzzr. /
- (x,b) = 0 S (3) TR TR o
az % ."u‘ZQL£°,- _ :,?'..'.'T'
;é;;?%;fkw'f ':Zb:::..ﬁ:
sh SN U i Sty
T{(xso) =0 (4) .. !/_ffllfel’f.l b
h .
%;(0.2)'0 0<z<a
(s)
\ - l a < z 6 b
| %5:?

Solving (1) by separation of variables, combining the exponentials in

hyperbolic function forms {more convenient for problems involving finite

lengths) and with the help of the bcundary conditions:
{

e
S

o
roavieals o ons .ol




h'-coclﬁinhg(g-x) cos a z

‘From (2) c = by
“From 3 a = ¥

h = hl + nfo AR sinl;?- (2=x) cos %’- z

B Pron (s)

g_:_‘ . z An {ms—) coshﬁgﬁ-ws&?

x=0

or
o w (o T 0<z<a a -
- £(z) = S P IR cos DTZ
. . a<z<h 2 n=1 ®n 'S
K!g:aj , b :
N eosh ML
wh.ere L 2, =~ An ~ cosh _’B'_

. ‘. Expanding £(z) in a Fourier cosine series in the interval 0 < z < b

2 (% d-zjb .d-z
o5l f®. 42 5] rigye -



L N z .
.2
| l.nB.[o £(z) cos

nwz dz

B

- 46

- b N .
-2!_1%_03“":1:--_;}5__2 in B2
- b gk -a)c BN nrK(b-a) ST

and A= 2qb

Nnx8

. 31“":"

n2x 2K (b=a)

h=h

Butatx= ¢ , hw=h
h=h + {x#l)
2 & n=1

+ 2'b L

2 2
1“K(b=a) n=1 n“cosh nxg
=

a.o' ‘ n
A+, — X+ 'nfl A, sinh F"

cosh Nz
5

=

(!.-x) cos

nyz

'

- Replacing the values of a, and An’ we finally obtain

o sinh M (gex) cos

.
» therefore second term should bp =2

2

nnz

b

(x=L). .

Flow to a serfes of paftially penetrating open drains in balance with a

uniform rate of accretion

1)

@ le
Ml N
+
e:Ju

nN
@
]
o

2 34 .
ey 2 =-0 @

for 0<¢cz< a

W/ unit area

x.

f?iltl&&ik

. ° .

Lidide bt

/./ ./'/./' >
I.f__.

£

WA /\

7




,5% (21,2) = %-’x- (0,2) -}m&:;)- (3)

fora<z<b

Raun-0
1 o e
= (x,0) = 0 I (s)
\ _ ,

Few-f  ®

_ Solving (1) by sei:aration of variables

Q-clx+c (x ~z)+ L ancosh’“’ (t=x) cos ITZ

n=1 b o

From (6)
2" * 7%
From (4)
- ¥
.'!f - Y - 22 - - ‘ nrz
¢ KE'X m(x z)*nfla coshb_.(:.x)cos_s_.

Prom (2) § (3)

:—%‘ = n:-l (—-—) sinh IT T cos—s-
x=0



* - 48
)
, or

) (] ' 0<z<a . -

f(z) = ‘ - «29, 5 A cosMnz

oy a<z<eb) 2 nal 1 b

J . * B . -

whére . a' AL and - wa 0¥ sinh n*‘ -

~ , : - A“ n’b B

° Kb

Expandi.ng in a Fourier cosine series,
SR av-z‘fbﬂh. d.-YE'
) ° ¥ o 2K(b=a z

Since q = 2wy, the value of a, checks with the one already obtained

TN

-

' S ._TEE_T co mz dz , - R
\ o - Efa T s . _ o T

. ' ' sin nra .
and ) . an = v3 gb . T
o n“n“K(b=a) sinh nTt
. ' - 5

Therefore
p(x,2) = ¥ x - ¥ (xz 2%)
i - cosh 07 (p=x)
‘ b : nra b nsz
. + —
;. T Iy ces 5
*°K(b=3) nal n sinh DL
5
B . "_ : NS e e e B NPT B T e e e
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~ stratum

-2

(-4
0

I

0

2
axz‘A

S

1

Ponded W.g ter

) Seepage into drains from a plane water table overlying a highly permeable

#(x,0) = h, (@) | 3 PR T

(Q-%pz) $(x,b) = a sb (3)

N

J 24 (0,2) = 0 4
X .

TR

. =2 h'<z<b

[ S

Solving by separation of variables

n~l

c=h,

¢ - ¢ + ciz + I An cosh B%E.sin

nwz -

'S

From (2)

Prom (3) ¢ = asb-hy,

From (5) . i}
0<z<h

W h -
= h + 8tb=w . . » sin 37z
} L S S

$(2,2) "iw

where

hw< 2 <¢bH

nnt
» An cosh

B

2n
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By a Fourier sine series expansion in the interval 0 < z < b

: n
2(~1) 2b pxh,,
a, = 8 = = sin ———
n nx . n%x2
) 1
' 1 o
and . An L] a,
cosh 3§£
Therefore
o 3 n i nvh cosh nrx
@(x.Z) =h + a"‘b—hw z 4 2 T [a(-l - -_g__z' sin "} o sin nnz
v n=1 nn» nx b  cosh(nwxt/b) b

Flow toward a well in a confined aquifer

2 .
2*h 130
. =21, 1
;;7 * r r 0 S
h(z,) = hy ()

‘Well of constant discharge,

by r




o

From (3) . ' °':%r

2h 1
or xl T
3h = ar

b 4 T

Froﬁ (2)

ho - S In Ty * €
- - rc
¢ = ho ~ in 5'

-».51. 1n 31.

23T T

r
Ssh «ha= 3;1' in _8
- 9 =T T

Flow toward a well in a leaky infinite aquifer

2
3¢s 1 3s [}
—70———‘ -0 1
ar T 9T B2 (1)

T— T —
- —
-~ sa

— _

51

s(=) = 0 (2) "=
v pes o I T2
r+0 T % :2_} “ ; E\ 5 \- ‘::. :.'-;
ot R




K e e (E')"z"o(s)
From (2) 0 ¢ =0
Pfom 3 - lii xKI(x)_-bl'
‘z ) 331
| If s=0ata distance T instead of -, candition (2) changes to s(re) = 0
( L seey o()oc b() _ .
J A . O'C t(’g— ‘K (;_) 4 v N \

: ‘c.l --cz Ko(;?.)/lo %’_e_

ar
s = !%r Eio (‘E’)' K,(re/B) Io(r/B)J
Io(rejB)

'me.refore




Flow to a well in an unconfined aquifer

53

From (3) ‘!&-clnr"'vcl

 After solving for c § <

. 2 2
h =
hz_zz,o hwl

q
5 n.X
In 5% Te
T

3

The solution in terms of discharge is given by the Dupuit Formula

2 2 re .
.ho-z ';—%Il‘r—.

Therefore

2 2

qQ = a:(ho - by
in _&
T

2.2 2
3 ; * 13z = 0 (1)
or T Ir
» : . - . ._.—————'.‘":'"_‘"T'T‘:—‘ |a. _:' .. -e .
2(r.) = h (2) - e = L) L
(] ) o. ] - o » . ; . .4~ ;’;. » .... -.. :“ A“:..'..*- .‘,-.A.r-..
: C v » u. ‘_. ..» =~ \.\' '-:"' - : .' = )
. . . o .-.‘ "s“ o .-. ., ‘-.‘
’ . . 4..0.‘0.. : ..' . :.'%.. s * e . .'. .:-
2 = by %) PR A L RS
. R . . .o.l .rc . 0.;.}'.' :. :' J‘l .o :
o :: . L .’ .‘l [ :r, . :. f':
v From (1) zzuclnr+cl A AL AN A ARLAY A S LA A A Ay
Fra(2) Hleclinr sc
Froa (2) o™ ClInry +c
2



In terms of drawdown

2 |
h = 22 = (hy = 2)(hy + 2) = s(2hy = 3) = Zhys(l-
[ ]
o @
52 T
s-3_=_Q m_e
2h, 2%kh, T

Flow to a well in an unconfined aquifer

The problem is the same as that
on page 53, It will be solved this
time by using the equation with §

to show that the discharge obtained

. from this equation is the same as

the one obtained on page 53,

2 - 2 -
() 2 (23 -2 + 12 (3
arz 2 r ar

(2) 2(ry) = 3(r,) = hy
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s
7k )

£,

re

. Ce L,
.
.

.

I Tl 77T T 77

2
--z—-).o

z(x)
= 2urK [i [ edz = g(r,2) 2 :]

-

(3 -—‘L-—czs--)

2xKr

1177 407 7 77

N 2
NN R




From (1)

From (3)

and

From (2)

zz ‘Q
T A
- h2
©“G "7 '2%K‘Inre
'2- 2
a0 Q gnle
-2 2 2¥K T
r-'rw ’w.hw 0<z<h
= 2 h <z«
z
[w¢dz
- . 0 w
2, = 2, ——
w
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R S

o, 2 o
z T
3 .-, bl = o - ._3
whe ST T 'Z%K 1n T,
2 .2 2 .2 o
: N + z" - zw ] ho - Igz 1n -r—e-
T TITITIRMy,
I I
.. . "V T - e B
.0 By=h -2
L ’ ) .’» . . '-‘ . . - ' - -
and S .. Q - 'KGIO - hz
o . o in Te
‘ Ty
‘which is exactiy the same as the one obtained on page S3.
" Flow to a well in a two layered aquifer
Lower layer: Q. R, + AQz

3 $ = e g -0‘ (1) 2ozl L 2 4 £ ¢ £ o7

ar¥  rar 322 o PN

ROV

Kt 1ot

391 . * ... R T ° .

3% (r,0) = 0 o (2) “Tee -, Yot

4 - R y ...' ,A, - .. )

. a3, Ql ) /A R S I Gy S A R A & |

rr--- - . -

r+0 r 2“1 }

51(re,z) = 0 , - (4)



J
, :
{
\ “ Solving (1) by separation of variables and choosing solutions
J o : _ . ,
{ ‘L_’l =c f < lInr + °3AJ0(°r) cosh (az)‘
1 - : o Q
| . . o e
i T Y
) From (4) . cm= ! Inr
. - - : T, e
| . -
J

and (4) is satisfied if

S B Ql . te - .
} isl;f_Y?TZ'ln ?"+ nfl A, I, (a,r) cosh a2
) ,
) - ‘ .
) where un are roots szqo(“nrq)-' 0 ‘

: gggef.layoré

+ - + = 0 (5)

37 (r,b) = 0 | (9
asp - Qs

S Tw T, ™

$,(rg2) = 0 (8)
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All the conditions are the same as those of the lowsr layer, except

(6), which is taken care of by chmging cosh az to cosh a(b=-z), and

s, = In _% + B _J (a.r) cosh a_(b-2)
? 2'512 T ngl »°0%"n n :

) o o
On the boundary between the two layers:

. sl(robl) = sztrnbl) _ 9
o s | sy '
§ 37 (rb)) = 55~ (r,b)) (10)

K
where 5" 1
R

From (9)

T ; QW T
‘nzl [A'n cosh °nb1 - B, cosh aan]Jo(ant) = [2'72 - .zﬁ.i. in }3.

From a Fourier-Bessel series expansion of the right side )
A, cosh a'b, - B cosh apb, 2 - ( - 1\}
| [unreJl (nnre) ] 2xT, uTl
Prom (10)

M’.‘ sinh °nb1 + Bn sinh °nb2 = 0
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After solving for A, and B,

' Q Te Q Q |5 |
$) " In * 4 i =T ngl D, sinh a b, cosh a zJ5(apr)

q %

, . -
s, = Q 1n _© + 46 - Z D, sinh anpl cosh un(b-z)Jo(anr)

oT, T ¥ .2'52. n=1

» where Dnb-' 1
"’[anresl(unre)]z [(146)sinh a b=(1-8)sinh ay(b;=bj)]

_Flow to a well near a line of recharge

The equation for flow to a well in

A a0

a confined aquifer was found to be
, : ) _ - +®
s = In .2 . : g
. l%l" cF |  Paped well

Along the line of recharge the water

<
e of | Recharse

\@-Q

Limage Well

;

Z,

level is maintained constant and there- e

fore an equation for a wellinear a line of recharge should satisfy the
condition s = 0 at any point on tﬁe line of recharge.

The method of images is used and zero drawdowm along the line of re-
charge is obtained by a recharging image well located on the other side of
the recharge line at a distance equal to that between the real well and the
line of recharge. |

Assuming that T, is very large compared to the distance between the real

and image well, the resulting drawdown at any point will be given by:

{



. . .. r."' N . r .
s In _% - In_8
-1%? rl }%T nrz
In 2
'_-Igf rl .
Along the line of rechﬁfgo'fz =T, and s =0

Flow to an eccentric well in a circular island

- / N . : . . ‘ ‘ P‘
The method of images is used again to ‘}

.satisfy the condition of zero drawdown on the

- outside boundary of the island. A recharging

-Q

equation should have the form:

S s = gr,ln c ;Z. .
e - -’ . : 1. V . ) ) ‘-‘

where ¢ is a constant that makes s = 0 on the boundary of the island, The

2
. problem is to determine this constant ¢, and the distance d, in terms of
known quantities,

On the boundary:

-

. 2
image well is placed at a distance d from the \r_‘; G / dod "
center of the island, The resulting drawdown T



ac . ..
S . e .. . -
e g - N . . e

222 - 2xd sal syl wx® o 28 4 PR y?

czxz - 2c2xd + czd2 + czyz .x? . 2x8 + 62

2
Yy

T (echx? - 2x(8-c%) ¢ (1 Jy? = c2a® - 6%

Y 2 2.2 .2
22 - 2x (a-czdz . yz o CTd°-8
l=c ‘ 1ec?

By completing the squars

b 4

¢4y = 5 vi

: 2 .- . 2
R R R L L
1-c? l-c

lec

2
» cztd"ﬁ)
(1-c?)

61



oz

¥hich is a family of circles with center at:

| ‘ : N g~c2d 0)
J . 1-cZ °*

’ _ and radius T r = £(d-8)

But we know that the center of the island is at (0,0) and its radius is Tqe

Therefore

v o . : : Gcczd

! - s C _ ;—:3-- 0

’ C!d-&) -7

y o . | 1-c2 °

v‘Solving for ¢ and d we obtain

,
2
T
/ c._&__ d = 2
r, F;

Therefore the image well should be placed at a distance rezlé from the
center of the island, and the drawdown at any point on the island will be

given by

‘ o | r
J g e ek
' 1



tes

Or, §

'As & + 0, 1,8, the well becomes concentric:

s ». 9 1n 1 (Gx-re) +8y
BT+ 02 (xe8)® s y?
L L4
S w8 128
' 4;? rg rz_

- R

. a in _ 8

o ' %VJ'
The ratio of the diécharges for the same drawdown, in an eccentric and .

a concentric well will be as followﬁ:

For a concentric well

2

g i
4qT ;%
) 2
For an eccentric well
2.2 22

=Qe In (8x~Tg") + 87y

s
44T [(x-é)z + yz]re2

]
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Q':'/Q° = ln(gezlrz) + l_r‘x(rzlr.e‘) K(Gx-rez) + 38 Yz)/((x 6) + y )B/.n(r /rz)
- '1 44‘ {ln r2 @x&/re.z)- 1)2 + yztilrez_)ﬂ/@:-é)z + yz)}/n(razlrz) ,

Flow to an eccentric well in a closed circulér aquifer in balance with rainfall

\

a’h, 1m

2
1 ?°h
$ o e Qa
r2 rar 2 38 B )
'ahv _
IT (res8) = 0 : E (2)
Lim 1y ap () \
r1+63-;1=1%- : ~' | Q
. ] : \
\
\
yhere B =~ n‘é_ Q -
) <] ¢ .

One of the pﬁrticular solutions is

h-l%,lnrl

2

Substituting h = ¢ - 8 r° on (1) we obtain

T
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2% 134 1232
. 0'-—§—--——-0
arl roar r2 38l

| Le{. ¢ = Ro and solve by separation of variables particular solutions

in a0 . cos ad
r* r

¢ = r* sin a0, x® cos ae, 3

Paﬁ:icular solutions 'for h:

»\,h'.&lnr
' . 25T

1? ra sin a8 - —a-r——. rc cos af = gr '311'1 ad _ Br .

' . 4 xa 4

T

, Af r =- b, hfg0 ,, wedrop 1/r° terms, The sine terms = 0 for

=0 &4 * ,', eliminate, As ¢ 1s periodic we choose g=n (n=1, 2,3, ., )

~

h‘”- .2%, lnr - 2"_ * ngl Ig’l' anrn cos n8
] 737 En r- T%Tfﬁ'i" nzl ar cos na]

‘Use} °"231'



Pron.(2)

T™Te

o>' n=l
¢+ J apar cosn (]

n=1 ~ T=T,y

r 4 gr
=-c @ = § COS O - e

ahl N T 2,2 1 26r
¢ Inir"+8 =218 cos
T 3!'5: $ § dc

2 .2
S s -2re6 cos 6 2c

-+ 2 anr, cosn o= 0
: n=l -

consider

r‘ - § cOS 8

2 2
Ty *8 w2r § COS 8§
)
From complex number theory

= " for [z <1

66



2 mx+iys= Reie = R(cos 6 + i sin 8)

1 - 1 - E Rneine
1-R(cos 8 + i sin 6) (1-R cos 8) = 1 R sin © n=0

(1-R cos 0)+i R sin 8

s n
= J R (cosne+isinne)

2 2
(1-R cos O)Z*R sin 8 n=0
A\ .
1-R cos 8 . R sin 9

" 14R“~2R cos © 14R2~2R cos 8

® n ® n
Z R cosng+i 2 R sinn e
n=0 n=0

Therefore,

[ _J
' 1=R cos 8 - Z Rn cos n
1+R2-2R cos 6 n=0

for R< 1

R sin @

n
5 R sin o
1+R“=2R cos @ n=0

67
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and
e -8 cos 6 ‘-l__ 1-(8/Te)cos 6 e Z (_i__) cos n 6
1’824»62.-21'e Scos o Te l+(6/re)2-2(6/’e)cos ] e M0 \r, _
. - n r [ J n.l
%—2— -ci,-l-):(-f,—) cosne--g-‘-::c' ] apr, cosno =0
e n=0 8 n=1
T=r
e
or
4 .‘ n gx ' » , v
1.1 $) cosne-—24 ) annre-lcosne-o
Te Te oo 2c n=l
gr 2
Therefors 'i—?' -1 and mnren.l mel &
c T, Te 10
B . 2 Nrez
O R
1 ‘6 " |
an o n (_)
B | re2
and

h = - - 1 for 9
clnr, T gn(l‘zvcosn

e

But 1In ry has a dimension; to make it dimensionless we have to intreduce

another constant using another condition:



Before applying this condition let's simplify the solution and add a constant

- ‘A'. From complex theory:

I'r— I):zdz

n=0

1n(lez) = b_ ‘i% EZ. (cos ne + i sin nﬂ

\

where ' . ¢ = R(cos @ = 1 sin @)

but |1-z] = R, = ERZ-ZR cos @

1o

va.nd 1n(l=z) = In Ry e = 1n R1 + 1o

1=R cos 6

[_J
n
InR =11a (1¢R2-ZR cos 8) =~ } R_cos nd
1 7 n=l N

‘-
$ - Y R_sinno
n=l 7
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[

[

[ ) 4

70

Therefore.
. ) 2 2
hecilnr, «B8%_+ S 1nf1+/8T \ . 28T cos 9| + A
1 3 z [ (rez rez

2 2 |2\, or 2
-clanOA-E_*E.ln.“___L +1“+2%e  rcos e

4 2 r 4\ 8 8
e —— -
' 2
F2
h=c¢ln 1728 57.2_4 A
rz
- [
32_52
@ry=Tyheh, , 1= ec ! r =Sty

: 2,2
h' = ¢c In r'zs. Te -6 - B(G;r') + A
Te F -

After solving for A, and replacing C and B,
r, T
h=h, =Q In J1f2 8 W2 )d)
v ] 2 .2
l‘w(rc -8 ) 4T

2 2 2
where ry =T +8 =287 .cos 9§

2
r22 - r2+(r°2/6) - 2r(r°2/6) cos @
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NONSTEADY FLCW PROBLEMS

| B lf;;s

Flow to a line of recharge

To find the rate of flow

. : " F, VT T T —
) : A ,) -~ '
from the aquifer to the lake :
‘ " : : . bk L L LL L & £ L & 2 2 L&
swhen the water level in the . S T
lake has dropped suddénly. :'. ‘ N Lo

e ) ‘0 .
LA A AV AV A Al L S G AV A (A L (R~

s, = s, (2)
s(=,t) = 0 ™
;(x,O)-o . 1)
- 8(Xy») = Sy .- ;; (5)

“ By the method of separation of variables (1) will give:

Y
ssc, e-cvt {sina:

CosS &4 X

From (2), and including all values of a
nd 2
s=s,+[ A@e™ V% sinox da
0 _
we see that (5) is also satisfied, From (4)

0=s, ¢ IO A(a)sin ax da



R ) "T‘A o

-

g4_7..<\ [ —) .~ -

.

-

From a table of integrals

- sin ax da= ¥
Io a G}.

2s

w - .sin ax ¢
I da = s
k 0 a w

0

2, - { - ’
o[ 303X 4a s+ [ A(a) sin ox da
¥ 70 © 0

o=/ 2, A(c)] sin ax da
olva

s
Afe) = = 2 ¥
®a

* _alve
s ms wls ! e sin ax da
' - " L ———
| Q a :

~From a table of integrals
- 2 2
D -ty cosnbd;}- %\g e g—;,.-
0 )

2 2
bl = .t b b
J 1] e ucosubdu db-%f v—::e qt db
] 0 T 0
- 2

2
-ty b _b
[ & sinubdu-ly_{j e AT db
0 wu 7|t 0

72



i S

2 2

Let b _ =
o I 8
then b = 2/%g , and db = 2/td8
Limits: e b=0 g=0
@ b=b g b
27t
» -tu2 b 2
| & sinubdu = /¥ [/4t e~ ag
0 0

Therefore,

- 2
[ e sinaxd: » X erf ._.’E..)
0 a 2; 7dvt

- -2 L p 3
a.nd .vs Sw ;sszerf (m—)]

we see that (3) is also satisfied.

s-swetfc X
v4vt

73
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The rate of flow ;

2
\ - X
) - i’_!, e dvt e 1
: ' Yavt
‘ 2
s - X
; - tw e 3w
j Jont
(\ . TS“ xz
J % " e e
vat
8 x= 0
Ts,,
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Flow to a line source of constant discharge

2
s

(%)

- 13s
v

at

&

s(x,0) = 0

s(*,t) =0

UL

(1)

(2)

&)

(4)

g/bn}F;Q?”ﬁ ——

. . «
- . . .o . ® .

LL Lo d o L 22 L oo 2 L2 2l Lo o4
..
-

. . .
< .

? e ., - °*

-

. . .
. e ° . . hd

.

*» . 4 N
-.x,. DI I O . - .' . .
. N . . . . . .
LANE Arv AT ARy AN ALY SNV A BN A SRy SRR ANV ARy ERF RN 4 L Ar e

Solving (1) by separation of variables

s ¢,

2
e~ Ve t sin ax
cos ax

sin ax is eliminated because of (4)

. . - t
S=Cc4Cyx +Cy f A(s)e ve cos axda
: ]

Note: Usually if we have constant drawdown we use the sine term, %f we

have constant discharge we use the cosine term,

From (4)

s-c-%x—% f;&(u) Rl

€ =~ ;}

t
cos axda
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From (3)

0 = o~~ (a finite value which can be incorporated in -=)

4
o° . c-‘

= vnzt
s = % -'-x-! A(a)e” cos axd‘c}

~

\ From (2) R

0 = w-x= [ A(a) cos axda
z . . 0 .

v ‘ Ne have to represent (=-x) in the form of an infinite 1ntegfa1 , containing

cosine texrms.

| We know | slnax 44 -;_

i ' o a

Integrate w,r, to X

x .sin X X
Sin aX dg | dx = ¥ dx
I-ofo_ Srdefdxe ] 3
.d X '
ca in axd T ox
joujosm x-,z,

- X -
da cos cx) da 4
— - — ~r (l-cos ax) = » X
[, ( = )y Iy 3 7
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'. [_J
[do.] cos axda = 7 x
0

0 - 2 2
a

gl ..cos‘axd =Y
L=

- < COSaX gq = ¥
O

or

D )
2 (" €03 X 4y mmpurs
x 0 a -

! 2 .cos &x - '
- da « A(c) cos axda = 0
';o-—-—,—c ' da Io (=)

‘and Ala) = _2_2.

I - o 2t 7
2 £ €08 uX da - 2 f e_.vu. cos axda ‘{
S m & J - -
32 gt S

2

Ve t
l-e

,-%.3.!: = | cos axda

We know that

2
T e Wt
7

———————
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Let vt = y and integrate w,r, to y from 0 to yt., We obtain

2 2

- Ve t vt = X

f.!:f_.i__cosuxdu-[!.] e Iy gy
. -0

9 @ 2 7
- xz

vt ”
s = q .!... I .E-. W d)’
T .
' 2 2
The substitution X_= g8 , leads to:
| gl 7
P
s =3X_ e ds
At
, o o2

Integrating by parts (u = e, dv = ﬁ;_ )

' 8
-8 -8
s = %_3_ -8 -2 e dB
8 x x
. /At Y4vt

B 2 ) .
w X
s-S.."_.S_E-_-_/;erfccx ) :
T /v x 4vt
/At ' .
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Uy '
S = %%f/‘; - /7 erfc (/{;;i]

The problem can also be solved in a simpler way, by making it similar

to the previously solved problem of constant drawdown,

323_}_33
;;7 v ot

or
2 (as 1 9
x Tf} vt )

At any point: q, = - T 33
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374y 1 34x

- - (1)
'axz ") at
q,(0,t) =a €)
q, (=) = 0 (3)
vqx(x,O) =0 - (4)

~From similarity to the constant drawdown problem (see page )

q. = q erfc X
x ,(74\::)

« 33 =9 erfc (X
*x % Y4vt
Integrating both sides w.r. to x between the limits x and infinity

MHe—3

33 gx = -[. erfc [ X dx
= T x (ﬂ_v-t')

v's-% Zerfc (/Tt‘:)dx

Let X __=38

2k
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s .; |  erfc(B) dB vYavt
X

Yave

-% /Avt 1 erfc X

/At
» 1 -82
But 1 erfc (B) = .-~ e - 8 erfc 8
: vr
5 .
l - X X
1 erfc —= = o= e IVt - erfc
. . favt T Yavt /vt

and after some manipulation

s = %.’E_ e Wt _ 7 oerfc X
/7 X ) Y4vt
Yavt
2
Let X =u
vt x

3-%_5._3:2. - rerfclff;!‘
/7| u, ' X
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Fluctuation of water levels in response to tidal fluctuations,

— A
y - - - - -
' ¥
19 SUUSUIDNS ==
1 "."z'-. N L. |
777 r/)'??'?‘?‘?‘?"’_l"?ﬁﬁ‘f'?
2
a°h 1 3h
IVt (1)
ax s

h(o,t) = h, sin 27t (2)
to '

h(#,t) = 0 | 3)

By separation of variables

2

1ax 1 3%
X 5 2 Vit ,

Cond, (2) suggests that we need a sine function of t. To accomplish this

we equate the above equation to an imaginary constant.
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13X 13t
X 7" wae~ ! N

X =e
ivat | 2,‘_
T=e 7
txyia + ivat » sxy-lg=ivat ~ ! ‘\ \ o
h- e e .

From complex variables

ie

z =12 b

e

ix/2
i=e

r- 1 2/4 x L 1
i=e = cO08 o + 1 sin o » — (1+1)

T I vz

-1 x/4 1
V-ise :cos-}-isin-}-—-(l-i)

ﬁ ’



Mo : 4 a .

hee )A{;. (1+i)+ivat , eth; (1._1)_,1\,(,4._ _
1 - etxvg e*ixg tivat , etixvg;.ez;:g ~ivat

) . e’xv‘i-. Elci(*xv;.‘ + vat) <, e-i(‘xvg. +vatﬂ

o exﬁ sin(vat + x‘/gj ) e"xvg sin(vat -.x\l—gj
cos(vat + XVE"Z‘) | cos(vat = xv::;]

By the help of the boundary condi;tions we choose:
| h = ce”*{7 sin(vat - xY;J
we see that cond (3) is satisfied.From (2)

h, sin 27t = ¢ sin vat
Tt

and - R

h he"vz- 2wt \[
= hj vt sin(—--x Tt—')

Important: This equation gives the water levels after the fluctuations

have reached a steady state.
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" The amplitude dies exponentially with increasing x. The time lag

or phase difference is given by:

teX/ 2
L A
— ;m‘
A special case is when the } \ }l‘k i 5

fluctuating surface water pa P s.
body is nat in contact with l

the lower aquifer. ‘
/1/// Lol L L /1 /[-z//

The relation between P L PRI '.
changes in H and h is A e TR
. Y A o S A S TT’T./f‘////

given by : ’

Therefore the amplitude of the fluctuation in the surface water body
. Y

will be transmitted to the lower aquifer diminished by that factor. In

other words condition (2) will change to:

- 2nt
h(0,t) o sin =

o]

and the equation for this case will be:



—7
Fn

—

| :' o
h=_8__hye !“Fo ginf21t . x[LL
a+0B to vto

Flow to a well in an infinite confined aquifer

86

12

T

L Lk Ll

2
338,13 _1l3s (1)
r rdr v at
s(=t) = 0 (2) —_——— - = -
s(r,0) = 0 (3) T
ekl e ol L.
L] Ll . .'
- . * . '.'
Q e .
as - o ‘c.. .
Lim Tty (4) Lo

'
[}
t - . ¢ o
t
t

- . *
L' r - . *

By separation of variables

et 4 Jp(ar)
seeV )0 sy Inr , ¢

Yo (or)
Condition (4) suggests elimination of Yy (ar)

- 2
s$=c+cjlnr+c g A(a)Je(ar)e.a vt dq

From (4)

From (2)

c:-ucl

od 2
S = !QTE - IlNTr - ! A(a)J (ur)e-“ vt da]
w 0 o

o & - *
I LI A A SR G A D A i L AL A A A A



'. From (3)

-'Q = E%T ® ~Inr L A(o)Jo(ur)d%}

{) A(a)J (ar)da = = - In T

" Given the relation

. |
[ e (er)da =
0 bz+r

. Integrate both sides from zero to =, w.r, to b,

db

Q=3

O~ §

e-ubJ (cr)da = I L db
° 0 \'ib2+r3

/ J (er)da ['e-°bdb = 1n(b+) 2+r2);}
0 o 0

I._(.’.L“_r_)..dan--lnr
0 a

. wJ )
[ A@3 (aryda = [ 25 g
.0 ° o ©
A(a) = 1

a
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- J o : 2 |
s ..}.;&f[‘[) 2(en), ¢ - g L Jgtar)e™ " dg

2 ~va’t Jocar
. (1-e=¥% %) 2(31) da

2*T

(= |

Given the relation

2
' -ya? e %’i
! ae Jo(ar)da - 7y

Integrate w,r to y from zero to vt

_ | 5
vt 2 vt . X
[1f eY%3 (ar)da|dy = [ &2 4y
olo ° o Y
2 vt . 2
- -yu] vt - r
-8 0 1 e” qy
f a Jo(ar) 3 da = 3 [ _).'_Y. dy
a 0
2
" -va’t L I,
| == Jolar)da = & [ S &7 gy
| 29 Y

2
Let I_ = B, then 9 = - 48
y Y B

88
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[S——]

Limits @ y = vt g = _X_

or .
U
H ;1»3 8
dvt
3 2
= 4vt
Or
‘ W érz
s= zgf vt)
- 3%7 W(u) Thels Equation
where us= .z_:_i.

W(u) = Well function = « Ei(=u)

89
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. . -
wEi(=u) = The negative exponential integral of (-u) -I .°...B. ds

For u < 0,02

W(g) -éy- ihu-ln.z;%m

r

and

i+ £

u 1

SOLUTION OF PROBLEMS BY THE METHOD OF LAPLACE TRANSFORMATION

Plow from a line source in a confined aquifer

-t ) - - - - —

2

h(x,0) = 0 (2)
h(0,t) = ho (3)
h(=pt) = 0 (4)

3 h 1 3h ,
—_—— 1) z
x2 v 0 I.P.s.

e A4 b4 .
-
- .
: x M * '. . .
-

Transforming and using (2)

B
v

N

- h
h(0,p) = =2
P

h(=,p) = 0

. S N :
QI SN A S v o G S v AN AL @ RN AV N N RRE AV B AN

(5)

(6)

7



| . \e 3
Prom (5) . h=c¢, e:q:jx +c, ;J:.x
From (7) ’ c,=0
h
F_I'OI (6) cl -.l;_

. h

o k- 32-e'VE§:*
-YP.
L-l 51—&3- erfe . S
P /T

h = h, erfc X
/dvt

Flow from a nonsteady line source

2
29 h 123h
Ix :
h(x,0) = .0 ) (2) ctl
-—_— X
h(0,t) = ct 3)
h(»,t) = 0 (4)
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The transformed problem will be:

a%h
2

«P2h
ax v

;(O,p) = -%
P

g('oP] =0

1

From (5) h=c¢ e'xy%—-» <y exvg'

From (7) cy " 0
Froa (6) ¢ = _§.
P
h -_‘2‘. e“"ﬁ‘
P
e %‘1‘\_() -1
P
L“éﬁiﬁg - erfc | X
P 7avt

By the convolution theorem

t
h(x,t) = ¢ [ erfc (
0

f~\f'

x
4vt

92



h(x,t) = ct 5(14-2"5) erfc(/u) = 2 A e"“}

= 4 ct i2 orfc (Vu)

 where .
us= x?
dvt
1zerfc(e) = The second repeated integral of erfc(B)
In general.
1" exfe(p) = [ i™) erfc(a) dp
g

The solution could have been obtained without the convolution from
the following important inverse transform, not usually listed in tables

of inverse Laplace transforms

_K/ﬁ n
i S I (4t)7 1" erfc @-E—)
{14 n t
P x 3

A general formula for flow from a nonsteady line source

In the two previous problems the variation of head in the line source
was given as ho and ct respectively, A more general case will be when

the head in the line source starts varying as any function of time f(t).



The boundary value problem will be:

2
ekl ®
| h(x,0) = 0 | (2)
h(0,2) = £(t) : (3
h(=pt) =0 (4)

The transformed problem:

7 - 2" - .

| 2°h .

| dh.ph (5)
‘ ax
k h(0,p) = £(p) (6)
j . h(=,p) = 0 )

From similarity to the two previous problems:

"h= ;(p) e-xv—%_

:.“5 E(p)} - £(t)

: 2
Ll 5( \{gi- X o” Ti‘i‘
4 4vat3




By the convolution theorem:

2
t - X
h(x,t) = =X | £(t-1) &_DT 4,
: 2/vx 0 . 3/2
2 2
dr , _ 2 dB
VLetm B,then_i. 2__3.
Limits erw=t B=_X
Yavt
@ 1= f nw
. 2
hix,t) = -2 | f( - X ) e dg
Y X 42
43vt
As an example, when f(t) = ho
2
- -8
hix,t) = _2 [ h, e g

| X

o

vt
" ho erfe /X )
. 44\?\_@\\/9'
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Flow between two line scurces

‘Due to recharge the water level

in the intake area starts rising.

2 —

ah 12
R »

—_ — = —

h(x ,0) = 0 (2) B e hke -
h(0,8) = 0 @ L e
h(%,t) = £(t) W 3 / S
Transforming:

2e |

2h.Ph . (5)

a2 v

h(o,p) = 0 (6)

R(%,p) = £(p) )

Due to the limited length we prefer hyperbolic functions, instead of

exponentials

T
<ta}

Prom (5) ;: =cy sinh xwa» <, cosh x
v

From (6) c, = 0
From (7) ey = £@)_
sinht\P

fv



f = £(p) 3inh xL
sinh !.r

- Ep) °"v:~ o r
s*r -

v B P
i oty ey )
- v

3“‘-1%;- J 2" for {21 <1

z . % {u(l-x)r -(ux)v—:]n-o -Zn!.

- £(p) .X' e'@ (""“2“’-)-43"'(% (£+x42n2)
n=0

- . h
If €(t) »h, £fp) =2
. o p

.2, e-((Zn#l)).-x]r -[(2n+1)g,+x]v"
©® n=0 P S p

and

h = h di erfc ((2’"1)"”‘} erfc (2“+1)l+x>
n=0

Let n = m-l

97
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z etfc(!'m-l!l.-x\) erfc (!Zm-l)hx )
1

Flow between two line sources intersecting each other at right angles.~

vidt
s.f

f

Ul }

.l

x

"ﬁ:{o ».’

2
azruah _1_
ax? a? Y

A
k___/\_,//———/f

N

<,

A

h(0,y,t) = h(x,0,t) = ho

h(x,y,O) =0
h(’f.'.t) =0

Assuming a product solution of the form:

".7’7",'97’%/./ /'/ ./ I./ //‘.
Secl. A=A '

(1)
(2)

(3)
(4)

h(‘o)’ot)' X(x,t)Y(y,t)

and from the previous solutions of unidirectional flow, the solution is

built up,



[

—

—

e Nl
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A check shows that all the boundary conditions are satisfied,

To obtain a general solution for a variation of condition (2) as

h(ODYDt) = h(x,0,t) = f(t)

-

we proceed as follows

For f(t) = h, = ¢

R(x,y,p) = 1.{1- £ x.) £
(x,y,p) = ¢ er T er (Lﬁ-ft'>}

« c Y(p)
: P
Since LZcS -% R if f(t)# c, then h = T(p) V(p)

or e Ep) p (ﬂ;;)

)

Remembering that multiplying by p corresponds to differentiating the

untransformed function with respect to t

-1 v Y, 2
L P (__%_)E 'BTE- erf( ) erf(_)]



[ .

L N ’

- 100
and by the convolution

t
hix,y,t) = | £(1) 2_ [l-erf( ) erf( )] dr
0 k3 : o tutey

or

t
- !0 f(t-1) ;;.- [l1=erf( ) erf( )] = dr
t=1

‘l'his formula is iknovm as the Duhamel formula in mathematical literature, '

As an application let's take f(t) = ct

t
h(x,y,t) = c [ .2 [l-erf X_\ erf )'B dt
0 3t vt ey

tnt=t
t { X 2 r{-z—y 1 Y
= C T ~erf emrb— ®  onone e- v(t=T hadipe=y
0 CW(t-t)) ' 2 Y4v(t-1) )
. . " 2 '
.grf_..l___ o.z_- e'm-(-.l. X )d‘!
. (m g 2 {av(t-n)3

. : 2
t = T Y . :

x
2/xv 0 V(t-t)j (/4vit-t)

2
X
+ XT ____:3_,_‘- (-]  erf Yy drt
\J(t-t] (Mv(t-t) )



Let
xz o /2
v (t-1) 81
2 2

and | RT{-:‘U .82

‘ ' 22
- 8
h(x,y,t) = St I e~ 4—"—%}" (9 bert(s)) L{‘.’.dsl
v8 : :

%]
: Yavt

B Y. Ava
, fz\’t

- 252
h(x,y,t) = 2¢y [ 6 - ..Lz.z e'(%) ! erf(Bl) dal
JIR —n 4

‘ 2,2
- L2 (?.‘.) 8,
¥2x (t - X _\e~\y erf(s,) dg,

f;)’. z‘%:

2
- 2 x\ B2
o x| t =X _|ey| " eres) _4_"_\7.daz
’ ) 4

101

In the same manner the problem can be solved for different f(t).



Seepage into a ditch

We will first consider the

case where the ditch is not -

excavated yet, but assuming

102

that by one way or other the Jea—y o
| . L A
water is drained from ragion@ A AU A A A A L ACE A Al
fn ragion@
2 K
3 r] 2=
...Thl = i.._hl (1) v g 55
x® T vat
hl(x,O) =0 (2)
ahl
3% (0,t) =0 &)

In region @

Common conditions

hl(a,t) = hz(a,t)

ah; 3h

2
5‘;-' (a,t) "3x—' (a,t)

(4)

(5)

(6)

€))

(8)
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The transformed problem will be
()

2

P -
.z == h 9)
9x v 1
oy
—= (0,p) = 0 (10)
ax
In@
3252 P_ ho .
= = hy u— 11
3xz v 2 v (n
- h
« = o
Common conditions
hy(2,p) = h,(a,p) ©oas)

3R, 3k,
3% (8P) = 5375 (a,p) (14) ,

Solving (9) and choosing a hyperbolic function because it applies to a

limited area, and satisfying (10)

h1 = cl cosh xvfg:



Y —

From (11)

From (13)

Prom (14)

Therefore

and

§ (12)

' ﬁz = c, e"’:l/v + hc:

c_ cosh n\(g -C c"\lg'—-.l.lﬂ
1 2 P

O sinhﬁ+cze’rg-0

104
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o '!l‘aking the 1nv§rsg transforms

a=x fc [asx
_IErfc( \ + er (
/At

: _ h
: h 2 « erfc{X=2 \ + erfc x+a
o ("4") J

But

erfe(-x) /- 1 « erfu(=-x) - 1+ erf(x) -‘ 1 + (l=exfe(x) = 2 - erfc(x)

and

. hz -.’1?. exfef{3=X \ + erfc a+x)
2 /avt
Ne see that hg and h2 are given by the same expression, Although hl was
solved for regiox_:@and 112 for region@ the same expression will give
the head in the whole region, The change in sign of (a-x) for x> a will

take care of the difference in the boundary conditions. Actually the

expression for h changes to that for hz if x > a since erfc (=x) = 2 -

1
- erfe(x).

To calculate the rate of seepagr

erfc/ 82X _\ - erfc
—i[ :( (/4\:)]
. 1 %
q Tn-‘

x=a
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2 (a-x)®  (asx)
q-= __:P.l_‘,’. ()" vt -e~ " 4vt :
2 [2/nt x=a

' 2
. a
q= QEIEL_ 1 -e” VE;)
2/vnt

Now we will solve ihe problem for the case when the ditch is excavated
~ and empty and the water level starts to rise in the initially dry ditch

as an unknown function of time:

a1
x vV at
h(x;OJ-fho - (2) ' : ) ‘P
h(=,t) = h, & | ' / L)
L] . . » ' .
h(0,t) = £(t) (4 JERREIEE M
£(0) = 0 (5)
Transforming
2= h
) bt o
AL ,
h f
h(=p) = 2 (7
P
h(0,p) = £(p) (8)

£(0) = 0 (9)
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From (6) and (7)

h
2
P

PY=Y

Rec e

+
Frqm (8)

- hO )
£(p) ..-? = cl

h

+ .0
P

I\

e (e - 2 e

. The rate of incresase of the water level in the ditch is related to

fhe discharge
f(t 3h
a a T
_Tila—x‘
. x=0

Transforming

a p £(p) -rgg

il -3)

p.'icp) - - s(m) - fg.)vb’
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-X/p 2
Lold8e <j -4k 8 ¢ erfc(&/? *
p(s+¥p) ﬂ"

K erfc for X >
. 4t

f(t) = h, (l-e : erfc(a/‘)

e m,( =fF)

p(&+/p)

h= ho erfc

. ¢ 2 ’
L X gt .

X - ho e~ 5e erfc [&/t » _X_.
q;z , Jaot
e hy [1 = erfc [_X S ?
o Y4vt .

' §x &%t &/_ ]
hwh|1laece" e oerfc g/t +
o ~N ~
Y4t
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Flow to a well in a confined aquifer

1, Leaky Aquifer

2 .
e, lis s 13
ar rdr B v at I p ;.
: ’ s S~ - j_ - -
. ~ \ Fd .
s(r,0) » 0 . . (2) $L PR
s(=t) = 0 3 // Ll // 4 //// Y
. ; "y /b K
E _ ‘ ‘ ' //Ad.qer // .
L e '~ "
33 - RN ’. . * . - < . s '
iiio rﬁ. 2-237 (4) 4 . s. 9. .. :- . . : : P b . ..' :K.' *
[f.r;: r./// /rrl l ...
Transforming ’
52;....1..3.5.-.;.2.; (5)
) ;-1'7 T ar .BT v :
S(=p) = 0 (6)
tin 135 .. - -
r +0 .r or wip (7) .
- 3
From (5)

2- -

3 s 1as 1 Pl

....I P e | —— = 0 (MOd Bessel Eq.)
r r ar (2 )

s - _l_. K +
s cllo(r,/sz + %) s, o(rl% 1\’;.>



From (6) . : ‘ cl s 0

From (7) €2 " ’hgp
( 11 1, 2.\)
Zw’l‘p

o L.I{%"}.l ‘
R

_v t ._ri
.e';f 2_}me"4\‘vt
t

By convolution

ALV



2
The substitution y = ZE‘ leads to:
vt _

rz/B2
_;:-y- Iy dy

N

],

|

8= 3%1' N(u,% ) Hantush formula,

oy 22782

. 2‘ ) : ’ B
‘qym T . T - L] Zy dy
u y e "(“?3- ) V \{ -; . i

N(u,%.) is known as the << well function for leaky aquifers >>, andvis

tabulated,

1, Nonleaky Aquifers:

The solutirn can be obtained in a similar way, hut also be letting'

%.* 0 in the solution for leaky aquifers,
- .y rz/B2
= .0_ y d)’ !
AF NN
as 1l + o0
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Flow to a well in an inclined unconfined aquifer

2.2 2 22 2
R L - ¢V
°x z X ay Kz 2t

2(x,y,0) = z, (2)

z(‘f:‘at) - zo (3)

'Lilll. Zri az.-%z

r+0 . MEF
or Lim r 222 =Q (4)
r.;o _5? -;K

« L cose ,
The substitution 22 = we™ B in (1) leads to:

- - S
where,ﬁaz_z.;r-xz*f'e-tanl s LaY;
in cylindrical coordinates: » :
azu 13 1 azu w ] duw
-—2-4---+ —2-—--2—-—5--‘—
ar rar r 239 8 v it
-!B'-cose

" (2) becomes ‘'w(r,6, 0) = z e



———

&13

By Laplace transformation

- 2- -
326’;13...’1 3 w _P= 23 I coso
2 2..2° weTCs
r rdr 7r° 30 B v v

A solution satisfying this equation and cond, (3) is:

- r
u-clx T %*_,} +.z_g. efacoge
]
or _ .2 e .9- \ zz
. - - - os 1 (o]
K + + 0
| S T 0( 5 'ET) P
~ Cond, (4) transforms to:
=2
Lim r 232 =Q
r+0 °F wKp
'ﬂierefore , Cy = =
17" %5

g 2 I cossg 1 : .
M omem @ - x
T ?%Ee 8 ° r*ﬁnz.)
. v B8 R
T
2 2 e —cosg ~1)1 l/ 1

From similarity to the L"1 i} encountered in the problem of flow to

a well in a leaky aquifer (see page 109)
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'B' coso

2 2 LU
- 2 W(u,
25 "-IQK, ; ( E)

In terms of drawdown

2 I coss
s- S »n e-.a: "ur
b zw%g 0, 3

For small .z_s. » 1.e, when the drawdown is small compared to the total thickness
o ,

T
e 8 T, D

0

Tables of the previous by mentioned W(u, X) can be used to find
: B

2 -
W(u, I), wh «_ T ;B8=2Z
. ( ? ?’ ere u Tv.t— 2 B -

.sz(r,z,O) = 5,(r,z,0) = 0 - (2)

Flow to a partially penetrating well in a confined aquifer

Leaky Aquifer

We separate the aquifer into

two region @ &@ 'f‘ G

The boundary value problem is —_— . ] ‘_l,l. - |

given by : ,
. //‘5//// (/e / Npife ////
Tt
l?.i+_1..3.§.+?i§.-.".. 1ias (1) LKI;Z:'A: @
ar’ rar 23z° BZA v 3t ' U ST LN

///f/fffffll///f//l




e [— - -— -t —t

—

e

3,(05t) = 5 (,2,8) =0 (3)
332 351
3';'. (r,b,t) = '5'2—'(1':0)‘) =0 (4)
332
5—;— (0,2,t) '.0 ()
°s
Lim r ' 1=-_Q
>0 T nKe (6)
3,5, 1,t) = 5,(r,0,0) )]

331 332
5 (r,4,t) = 37~ (1,8,

By Laplace transformation

2% 135 3%
+ *
r r Ir azz v

Solving by separation of variables and choosing from the particular solution:;‘

| 3, = K, (r\,% + %5)* (f) A(a)J (ar) cosh(z \W)du

s, = (f, B(u)Jo(ar) cosh(

From (6)

t) (8)

‘, 2
(b-z) Vo + B + 1 _lda
v 82/

€1 "i?%i}?

2
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From (7)

AN G AR {) A.(u) Jo(or)> cosh(2/) da =

- IB(u)Jo(cr) cosh ((b-!.)f )da
0 .

[% J,(ar) da

But | xo(rz) -

‘; T . .7___.. + A(a) cosh (2/ )-B(u)cosh((b-z)/' }J (af)dn =0
{) ZZ:Klp a’+ P_* ° : ) ° |
'B'I : ‘

[
o0

- a

Q_ + A(a) cosh (/) = B(a) cosh ((b-!.)f)@

24KLp a2+ p s _1 . »
v B2 '

Plfon (8)

[ A(@)3 (ar) (/) sinh(t/)da = {’a(-)JO(ur) (-/")sinh ((b-r.)/‘ ) da
0
) A(a)sinh(t/” ) = - B(a) sinh Gb—!)f) @ s

After splving@& @ for A(a) & B(a)

T’%Q r\{2+ ) 761 aJ_(ar) ) 3

( ) 0 a+2+
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- % aJ_(ar)
2" fc, =3 da
2:KL 02 pq2+2+1
v BZ

where

‘ ) % - .
_ sinh ~ (b=2)/" cosh(z/")
finh(b/F)

<, ; sinh(2/") cosh ((b-l)/- )
Sinh(b/-)

. Expressing the hyperbolic functions in their exponential form, and using

-
] 2" for ]2} <1, we obtain
.n=0

m[ ( s/f’-* ) "gi"::’_l__)

o
12

z exp(=[2nb+(L=2)]7/") - exp(~[2(n+1)b=(2+2)]/") ’
exp(~[2nbs(2+2)]/) ~exp(~[2(n+1)b=(2-2)]/")

n=0
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Taking the inverse transform, by convolution and using the property

- 2 42

n -
[ aJ (ar)e” da = e 4y
0

D)

we obtain after some manipulation, »

. 2 . .
. r !
8 T [ (2 5) et 26 ]
negr (55 Y | EY) e EFT) (Y
2

- .
ATY =R
r,%,,,i_-—,—

erf (2nb+ (2-2z) fi\) s’erf (_an- (1-2) /;,')
T r
o A : dy

orf Cnb¢(£¢z) ,/)',) - orf (2nb-(£+z) 7y
5 T

where

. us m
"In the same manner the solution for s2 can also be obtained,

Non-leaky Aquifer

. For non-leaky aquifers _;. = 0, and the solution for s; is the same with

the exception that the exponential terms change to ey,
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Thick Aquifers:

For thick aquifers, b > 1008 , or for aquifers of infinite thickness,

b = », the second part of the equation becomes zero,

t;%r & = Er ("‘ /') +eri(m )]dy

LRI 2]

ihére

M ( B) erf(B/-) dy

M(ix, 8) is tabulated quite extensively in Professional Paper 102, NMIMT.



	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

